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Abstract 


In this paper, we mainly dicuss the non-negativity conditions for quartic homogeneous polyno- 
mials with 3 variables, which is the analytic conditions of copositivity of a class of 4th order 
3-dimensional symmetric tensors. For a 4th order 3-dimensional symmetric tensor with its en- 
tries 1 or —1, an analytic necessary and sufficient condition is given for its strict copositivity with 
the help of the properties of strictly semi-positive tensors. And by means of usual maxi-min 
theory, a necessary and sufficient condition is established for copositivity of such a tensor also. 
Applying these conclusions to a general 4th order 3-dimensional symmetric tensor, the analytic 
conditions are successfully obtained for verifying the (strict) copositivity, and these conditions 
can be very easily parsed and validated. Moreover, several (strict) inequalities of ternary quartic 
homogeneous polynomial are established by means of these analytic conditions. 
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1. Introduction 


One of the most direct applications of 4th order copositive tensors is to verify the vacuum 
stability of the Higgs scalar potential model [1, 2, 3, 4, 5, 6]. In the graph theory, the mth order 
copositive tensors may be directly applied to estimate the bounds on the independent number 
of m-uniform hypergraph [3, 7, 8, 9]. The concept of copositive tensors was introduced by Qi 
[10] in 2013, which is usually applied to a symmetric tensor or, more precisely, to its associated 
Homogeneous polynomial of degree m. 


Definition 1.1. Let 7 = (t;,;,...;,,) be an mth order n dimensional symmetric tensor. T is called 
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(i) positive semi-definite (/77)) if m is an even number and in the Euclidean space К", its 
associated Homogeneous polynomial 


n 


т _ m H H ээ H * 
Tx" = у їі Xi Xin °° Xi, Z 0; 


iio isl 

(ii) positive definite (/ 117) if m is an even number and T x" > 0 for all x є R" \ {0}; 
(iii) copositive ([10]) if 7 x" 2 0 on the nonnegative orthant К" ; 

(iv) strictly copositive (/70)) if T x" > 0 for all x є К" \ {0}. 


Clearly, the positive semi-definite tensors must be copositive, and a copositive tensor coincides 
with a copositive matrix if m — 2. The concept of copositive matrices was introduced by Motzkin 
[12] in 1952. Baston [13] gave an analytic way of judging copositivity of a n x n matrix in 1969. 


Theorem 1.1. (Baston [13]) Let M = (mij) be a symmetric matrix with |mij| = mi; = 1 for all 
i,j € {1,2,--- n}. Then the matrix M is copositive if and only if there is no triple (т, 8,1) such 
that 

Mrs = m, = My = -1. 


Simpson-Spector [14] and Hadeler [15] and Nadler [16] and Chang-Sederberg [17] and Andersson- 
Chang-Elfving [18] respectively showed the (strict) copositive conditions of 2 x 2 and 3 x 3 
matrices using different methods of argumentation. 


Theorem 1.2. Let M = (mij) be a symmetric matrix. Then a 2x2 matrix M is (strictly) copositive 
if and only if 
mıı = 0(» 0),m»; 2 0 (> 0), тро + ymm = 0 (> 0); 


a 3x3 matrix M is (strictly) copositive if and only if for all i € (1,2,3], 


mj; 2 0(»0),a = тә + ymm > 0 (> 0), 
B = mis + Nmiumss z 0 (> 0), y = m3 + N mam»; = 0 (> 0), 
m2 vmas + тз YM22 + mos ym T Xmimoomss T ү20Ву 20 (» 0). 


Schmidt-Hef [19] provided the nonnegative conditions of a cubic and univariate polynomial 
with real coefficients in non-negative real number R,, and Qi-Song-Zhang [20] recently gave the 
positivity of such a cubic polynomial, which actually gave a the (strict) copositivity of 3rd order 
2-dimensional symmetric tensor (see Liu-Song [21] for more details also). Qi-Song-Zhang [20] 
also gave the nonnegativity and positivity of a quartic and univariate polynomial in R, which 
means the positive (semi-)definitiveness of 4th order 2-dimensional tensor. Ulrich-Watson [22] 
and Qi-Song-Zhang [20] presented the analytic conditions of the nonnegativity of a quartic and 
univariate polynomial in IR,. This actually yielded the copositivity of 4th order 2-dimensional 
symmetric tensor [4]. 


Theorem 1.3. А 3rd order 2-dimensional symmetric tensor T = (tij) is (strictly) copositive if 
and only if t111 = 0 (> 0), оо = 0 (> 0), either tj12 = 0, t2 2 O or 


3 3 ite sed: 25.020) 
41111122 + 41121222 + бә 7 бїї11111211221222-- Зїї12 122 > 0 (> 0). 
2 


A 4th order 2-dimensional symmetric tensor T = (tij) with t1111 > 0 and tzn > 0 is copositive 
if and only if 


A < 0, ti222 N fiii + t1112 Vt2222 > 0; 

11222 2:0,11112 = 0, 31122 + 4111112222 = 0; 

А> 0, 

It1112 N12222 — t222 Wail < бойшиээбээ Ж21111112222-М1111112222 
© — Vtiiiite222 € 31122 € 31112222: 

(10) 3122 > Ni11112222 and 

Ї1112 Nf2222 + t1222 1111 2 — m -21111112222 М1111172222» 


2 3 2 3 20g 
where А = 4 x 12" (fiiiif222 — 411211222 + Зі) — 72^ X 6" (iiitiiz2f2222 + 2f2f1122£1222 — 
B, — 2. „рох — Ё)? 

1122 ~ "11122222 ~ "1111^12227 · 


For a special 4th order 3-dimensional tensor given by the particle physical model, Qi-Song-Zhang 
[23] presented a necessary and sufficient condition of copositivity, and Song-Li [4] provided an 
analytic condition of its copositivity. However, an analytic necessary and sufficient condition has 
not been found for the copositivity of a general 3-dimensional higher order tensor (m > 2). Even 
for a general 2-dimensional higher order tensor (m > 3), people still has not found the analytic 
conditions of strict copositivity untill now. 

For checking the copositivity of symmetric tensors, various numerical algorithms have been 
employed. For example, Chen-Huang-Qi [24, 3] gave the detection algorithms based on sim- 
plicial partition; Li-Zhang-Huang-Qi [25] used an SDP relaxation algorithm; Nie- Yang-Zhang 
[7] devised a complete semi-definite algorithms. Taking advantage of the properties of a tensor 
itself, the copositivity can be described qualitatively. Song-Qi [26] showed a necessary and suf- 
ficient condition of copositivity by means of the principal sub-tensors; Song-Qi [27] applied the 
sign of its Pareto H-eigenvalue (Z-eigenvalue) to test the copositivity. Song-Qi [28] proved the 
equivalence of (strict) copositivity and (strict) semi-positivity of a symmetric tensor. 


Theorem 1.4. (Song-Qi [28]) Let T = (tiii) be a symmetric tensor. Then T is (strictly) 
copositive if and only if T. is (strictly) semi-positive, i.e., for each x = (x1, хо, , Xn)" € Ri \ {0}, 
there exists k € {1,2,--- ,n} such that 


x; > 0 and (T x", = F kizin Xi 1 Xi, Z 0 (> 0). 


PEERS 


For more details of the copositivity of a higher order tensor and a matrix, see [8, 29, 30, 31, 
32, 33, 34, 35, 36, 37]. Since there are strong connection between the semi-positivity of a tensor 
and the tensor complementarity problems [26, 38, 39, 40], so the copositivity of a symmetric 
tensor may be verified by solving the corresponding tensor complementarity problems. For more 
details about the tensor complementarity problems and its applications, see Refs. [41, 42, 43, 44, 
45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59]. 

Motivation to checking the copositivity of a higher order tensor, we mainly dicuss analytic 
necessary and sufficient conditions of copositivity of a class of 4th order 3-dimensional symmet- 
ric tensors in this paper. With the help of Theorem 1.4, we first promote Theorem 1.1 to ones of 
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4th order 3-dimensional symmetric tensors, which gives an analytic necessary and sufficient con- 
dition of strict copositivity of such a class of tensors (Theorem 3.4). Secondly, we present an an- 
alytic necessary and sufficient condition of copositivity of such a class of tensors (Theorem 3.8). 
Finally, applying Theorems 3.4 and 3.8, the analytic sufficient conditions (Theorems 3.9, 3.10 
and 3.11) are successfully proved for (strict) copositivity of a general 4th order 3-dimensional 
symmetric tensor. Furthermore, several (strict) inequalities of ternary quartic homogeneous poly- 
nomial (Theorems 3.12, 3.13, 3.14 and ??) are built with the help of the argument procedure of 


Theorems 3.4 and 3.8. 


2. Copositivity of 4th order 2-dimensional symmetric tensors 


Let T = (t.i); = 1,2,...,n,j7 = 1,2,...,m) be a mth-order n-dimensional symmetric 


tensor. Then for x = (x1.32,::: ,X,)' € R”, we write 
n 
m T т-1 
Tx" =x (Тх" )- P3 Lidge Xie Nes 
iiel 
and Tx"-! = (1,92,°** Ул)! is a vector with its components 
n 
-1 
yk = (TX ), = »3 lu Xin Xi, Km 1,2, n. 
iil 
Let f(x1, Хэ) be a quartic homogeneous real polynomial about two variables x1, Хо, 
4 3 2 2 3 | 4 
Р(х, хэ) = xq + 4ахухо + 6bxqx5 + 4cx1x + 25. 


Then it gives a 4th-order 2-dimensional symmetric tensor 7 = (їг) with its entiries, 


ti = Lf = а, боо = b, tiz = C, bm = 1. 


By Theorem 1.3, the following lemma can be obtained easily. 


(2.1) 


(2.2) 


Lemma 2.1. Let T = (іи) be a 4th-order 2-dimensional symmetric tensor given by (2.2). Then 


Т is copositive, i.e., f (x1, хэ) = 0 for all x = (x1, x2)" = 0 if and only if 

(1) A’ < Оапаа+с> 0; 

(2) a 2 0, с> Оапа 1 + ЗЬ > 0; 

(3) A’ >20, |а- c| < V6b + 2 апа (i) -1 < 3b < 3, (ii) b > 1 anda +c > — N6b — 2, 
where A = 4 х 123A’, A’ = (1 – 4ас + 3D? – 27(b + 2abe - Б? — с? — a’). 


Lemma 2.2. Let T = (1 да) be a 4th-order 2-dimensional symmetric tensor with its entires 


ltil = 1 апаў = t2222 = 1. Then T is copositive if and only if either 


р = 2 = оға = уә = іо = с = 1. 


Proof. It follows from Lemma 2.1 that J is copositive if and only if 
4 


(1) A’ <Oanda+c>0; 
(2) а20,с20аа1-3920: 
(3) A’ > 0, |а- c| € V6b +2 and -1 < 3b 3, 


Since |2; | = 1, then the conditions (1)-(3) mean 


(1) A’ < Оапаа= с= 1 а= с = 1 and either 
b-LA = (1-4 +3)? – 27(1+2- D -1- 1? =0, 


or 
Ь= -1,А =(1-44+3) -27(-1-2*1-1- 1? <0; 


(2)a=c=landb=1,; 
(3) A/20,la—c| € V6b+2andb = 1 e b = 1 and either ac = 1, 
Л = (1-443) -27042-1-1-1? 20,1a-c| 20 < V6b+2= V8; 
or ac = –1, 
А = (1+4 + 3)3 -270-2-1-1-1? > 0,a-c| 22« V6b+2= V8. 
So the conditions (1)-(3) are equivalent to 
b=lora=c=l. 
This completes the proof. 


Corollary 2.1. Let T = (із) be a 4th-order 2-dimensional symmetric tensor with its entires 
fiii 2: 1 and оэ > 1. Then 


(1) T is strictly copositive if 
11112 2 1, 1222 2 1,tu2 2-1; 


(2) 7 is copositive if 
Ї1112-2-1,ї1222 2 -1,ti22 2 1. 


Proof.Let x = (x1, x2)! > 0. Then 
Tx = 111124 + Atiiioxixo + 61122. ;%5 + 4t12223133 + 022222. 
(1) It is obvious that 
Tx 2 + 4x? x5 - 6xix + 4xix3 t ҮН 2 (xt + хү + 4x1 x(x} — 25100 + 3) 
= + хо + 4ху0(х = Xo). 


So 7 x^ > 0 for x > Oand x # 0. Suppose not, then there exists x = (х1, хо)" # 0 such that 
Txt = 0, and hence, 
0-7х > o t хор + 4x) x(x — xay, 20. 
Э 


That is, 
Ой + xy + 4ху0(х = x2) =0, 


which means x + x = 0, i.e., x; = х = 0, a contradiction. Therefore, 7 is strictly copositive. 
(2) For any x > 0, it follows from Lemma 2.2 that 


Txt > P - Axi x. + бхїх2 - 4хүх3 + x = (x, - xj) 20. 


So, 7 is copositive. This completes the proof. 
For а 4th-order 2-dimensional symmetric tensor A = (a;j4) with its entires a111; > О and 
42222 > 0, let t1111 = 02222 = 1 and 


238 720 ee 28-24 
1112 = 11204005555, 1122 = 411224} (1105555. 11222 = 412224111142222" 


І 1 
Богу = (ут, у)" and x = (x1, хо)" = (81111:У1:445525У2) х then 


4 4 3 2,2 3 4 
Ay” =a 111) + 4411129 ¥2 + 61122155 + 4012221 + 42222; 
эж + Мүцэхїхэ + 61122, X5 + 4їүээхүх3 + ds - Txt. 
Obviously, the copositivity of A = (аг) coincides with one of T = (їз), and hence, we сап 


establish an analytically sufficient condition of the (strict) copositivity of a gerenal 4th-order 
2-dimensional symmetric tensor A = (а; и), that can be very easily parsed and validated. 


Corollary 2.2. Let A = (агш) be a 4th-order 2-dimensional symmetric tensor with its entires 
1111 > 0 and a2222 > 0. Then 


(1) Ais strictly copositive if 
сэр 40223 
1 1 1 a. 
41112 2 1411422222 41122 2 = ү4111142222, 01222 2 011110822225 
(2) A is copositive if 


хэ Од i | 
41112 2 -4f 1142222 41122 È V4111142222, 41222 È 7 4102555- 


3. Copositivity of 4th order 3-dimensional symmetric tensors 


3.1. Analytical expressions of strict copositivity 


Theorem 3.1. Let T = (tij) be a 4th-order 3-dimensional symmetric tensor with || = tiii = 
fiij = 1 for all i, j, k,l € {1,2,3}. If there is at most one —1 in (f1123, t1223, t1233}, then 7 is strictly 
copositive. 


Proof. Without loss the generality, let t1123 = —1, t1223 = t1233 = 1. Then 


Txt =, + 35 t xi + 6t1122X7X5 + 6113313 + 61553332 X2 + Axx, + 4x3 x3 + 4xix + 4хүх3 


+ 4x3x3 + 4x3xi m 1232x5x3 t 12хүх ха + 12хүхэх3, 


and so, 


3 
РА ti jg X ХХІ 


jk 


1 
Tx = Ux = У! б jg Xj Xk Xl 


У їз i] X jXk Xl 


jk 


It follows from Theorem 1.4 that we need only show that T = (tij) is strictly semi-positive, i.e., 


for x = (x1, х2, x3)! > 0, there exists k € (1,2, 3) such that 
xy > 0 and (7х3), > 0. 


For each i € (1,2, 3), we have 


3 
(733) - 2; ty gx ХХ = a + 22 + х + 322x133 + 31133103 + Зхїхэ + Зхїхэ 
jkl=1 


+ 332x3 + 3x22 = 6x1X5Xa 


>x + 22 + 33 - Зхух2 - Зхух2 + Зхїхэ + Зхїхэ + 32x + 3x33 — 6x1x2Xa 


3 3 3 2 
—(x»-X4— xj) +20 = xj + (xo * x4 — xi + xi)y(Go x3 — xi)! - x95 t x3— xi) + x) 


3 2 2 
=x] + (xo + xa)((xo + xa — x1) — xı (x2 + x3 — x1) + x1); 


3 
(7х3), = DS bo jkIX jXKX] = х + T T 3 T 3t 29x42 + 3t5533X2X3 + 3xix? + 3x53 
"ss 


- 3x? х3 + 3xixi + 6x1X2x3 


Ex + x + E - Зхїхэ - 3533 + 3x1 + 332x - Зхїхэ + xix + бхїхэХз 


=(x1 + X3 — х)? + 232 + 12x1x2x3 — 6x? x3 = ((x1 + x3 — xay + 235) + бхухз(2%0 — x1); 


3 


(7x3) - P3 їз jkIX уХүХ = Х + 2 + x + 311337 %3 + 31533323 t Зхүх2 + 3233 
ЈЫ=1 


- Зхїхэ + 3xix? + бхухохз 


3.74 а 2 2 2 2 2 2 
SX] +205 + 3 — Зхүхз — 3x5x3 + 3x4 x5 + 3xox$ — 3x 1x» + 3x4x5 + 6xixoxs 


=(х +0 — хз)? + 2x3 + 12x1 x2x3 — 6x2x5 = ((х +0 — хз)? + 2x3) + 6x1 X2(2x3 — x1). 


So, it follows that 
e xı > 0, (Tx); > 0, which is done; otherwise, 
e x; 20,3520, (7 30), > 0; 
e x; = 0,x3 > 0, (47 30)4 > 0, 


and hence, 7 is strictly copositive. 
We definite 
Jiz 1077) <T = (tijk) e f i S fij, for all i, j,k, I. 


Then for all x є R^, we have 


з 


п 
1A , 4 
q ox fi jk XiX уХуХ) S у bi jkIXiX jXRX] — 7 x. 
ijkl=1 ijkl=1 


So, the (strict) copositivity of a tensor 7” implies one of 7 . Therefore, from Theorem 3.1, the 
following conclusions are obvious. 


Corollary 3.2. Let T = (tijxı) be a 4th-order 3-dimensional symmetric tensor. If tj; > 1, tiiij = 
1, tj; = —1 for all i, j € {1,2,3}, + j and one of the following conditions, 


(1) оз 2-1, (1223 = 1, fj33 = 1; 
(2) ѓоз Z 1, t2233 2-1, 11233 = 1; 


(3) tiz 2 1,t223 2 1, 11233 2-1, 


then 7 is strictly copositive. 


Theorem 3.3. Let 7 = (tij) be a 4th-order 3-dimensional symmetric tensor with || = ий = 
tij = 1 for alli, j, k,l € {1,2,3}. Then 7 is srictly copositive if and only if 

(1) tiz = 01133 = £2233 = lif 11123 = t223 = f1233 5-1, 

(2) there is at least one 1 in (11122, 11133, f2233} and ty jx = tijj = —tüjj = —l fori + j andk # j 


and i + k if two of {t1123, t1223, t1233} аге only —1. 


Proof. Necessity. If 7 is srictly copositive, but the conditions don’t hold. Then 
(1) for x = (1, 1, 1)", it follows that one of {t1122, t1133, t2233} is —1, 
Tx =x} + x + PH + 6t1122 x + 611331 X34 + 62933.5.X3 + Ax} xy + Ax} x + dux, + Ax 
+ 4x3xs + 4хэх3 + 1211 123x7%2.X3 + 1211223X1X2X3 + 1211233X1X2X2 
=27 + 12-6-36=-3 < 0; 


(2) for x = (1, 1, 137, it follows that t1122 = t1133 = f2233 = -1, 


4 4 4 4 2.2 2.2 2.2 3 3 3 3 
7х =X] + X5 + Xs + 6t1122X1X5 + бїї133ХүХ3 + 615533X5X5 + 4x] X2 + 4xqx3 + 4х5 + 4x123 
3 3 2 2 2 
t 4x5X3 t Axx; + 12t1123x1X2X3 + 1211253x1X5X3 + 1211233123 
=27 – 18 – 24 + 12 = -3 < 0; 


Let t1133 = 1, t1122 = 12233 5-1, f1233 = 1, f1223 511123 = 71. For x = (2,2.1,1)', 


Tx4 =(х + X2 + x3) - 190035 + хаха) - 24(х2 хэхэ + xiX2X3) 
s(24*9141/*5120^x2.1^42.1^— 240^ x 2.1 +2 x 2,15) 
= – 1.3599 <0. 


So, 7 is not srictly copositive. 
Sufficiency. (1) Since t1122 = 11133 = f2233 = 1 and t1123 = 11223 = t1233 = —1, then 
Tx =x + x + х + бхїх3 + Oxi xe + 6x2xi + Axi x. + Axi x3 + 4х1 + 4хүх3 + 4xixs T 403 


- 1232xax3 - 12хүх хз - 12хүхэх2, 


and so, 


3 
3 3c donc 2 2 2 2 
(Tx), = у Їах хрх = Xj t X + хүж 3X1x5 + 3x1 x3 + 3x12 + 3X7 x3 
jkl=1 


- 332x3 - 3x5x2 — 6x1x2X3 


=(X2 + X3 — my + 2x? + бхүх3 + бхүх3 - 6x2x; - бхэх3 


(x2 + х3 — ху)? + 2x} + бх2(х1 — X3) + бх2(х1 - X2); 


3 
3 «449 123 2 2 2 2 
23 јаха = Xj t X Хүж 3X1x2 + 325 + 3x1x5 + 3x5x3 
nas 


(x) 


- Зхїхэ - бхүхохз — xix 
=(x1 + X3 — xay + 2x3 + бх? хо + 6x5x2 - бхїхз - 6xixi 
=(х] + X3 — xay + 2x3 + 6x7 (x2 — X3) + 6x2(x» — xı); 


3 
(Tx), = У! £3 jkIX ХХ = х + х + х + 33x, + 3x53 + ars 
jkl=1 


+ 3x5x2 - 3x2x; - 3xix? = 6x1x5xa 
=(х + X2 — хз)? + 2x3 + 6x7 x3 + бх2х3 - бхїхэ - бхїх2 
=(х + X2 — хз)? + 2x3 + 6x (x3 — X2) + бхЗ(хэ — X1). 
So, it follows that 
e x, > тах{хо, x3}, (4.22), > 0, which is done; otherwise, 
e x, > max(xi, x3}, (7х3) > 0; 
e x3 > max{xı, x2}, (T2) > 0; 


and hence, 7 is strictly copositive. 
(2) We might take ty 122 = f1133 = f1233 = 1 and (2233 = t1123 = t1223 = —1, then 
404444 2.2 2.2 202 3 3 3 3 3 3 
Tx? =x] + X, * X3  6xqx5 + 6xix5 — 6x5x5  4xqx2 + 4xqxa + 4125  4xix3 + 4x5x3  4xox 
- 12x2x5x3 - 12хүх ха + 12хүхэх3 
444 222 2-2 2.2 3 3 3 3 3 3 
>x] + Xp +25 + бхүхэ-бхүхэ — 6x5x35 + 4хүхэ + 4хүхэ  4xqxj + 4х5  4x3x3  4xox 


= 12x? x2x3 = 12x1x5.x3 + 12хүхэх3 -0977х), 


and so, 


3 
uy = 2: 1177232:7: = x + x + x + Зхүх2 - Зхүх2 + Зхїхэ + 3х2 х3 
4-1 


- 332xi + 3x5x2 — 6x1X2X3 
=(X2 + X3 — xi» + 2x) + 6x1x5 - 6x53 
=(х) + X3 — my + 2x + 6x2 (x1 — x3); 
3 


(7 х3), = 2: D iX ХХ = x + T + x + Зхїхэ - Зхэх3 + 3x1 + 332x; 
ns 


- Зхїхэ — бх|ХэХЗ + 33143 
=(x1 + X3 — xo) + 232 + 6x7x» - бхїхэ 
-(Хр-Х3- xay + 20 + бх2(х2 — 23); 
3 


(77x?) = p? їз jkIX ХХ = 3 + 35 + х - Зхїхэ - 3х2х3 + Зхүх2 + 3933 
jkl=1 


- ЗхїХ: - 3xix? + 6x1X2X3 
=(ху +0 — x3) + 2x3 + 12x4x?x3 — 6x7x5 - бхїх2 
-(Хр-Х2- хз)? + 2r + 6X1 X2((x3 — x2) + (x3 — x1)). 
So, it follows that 
e x, > x3 and xı > 0, (7732), > 0, which is done; otherwise, 
e x; > х and x > 0, (7732) > 0; 
e x3 > maxíxi, x2}, (47 232)5 > 0; 


and hence, 7 is strictly copositive. 
Combing the conclusions of Theorems 3.1 and 3.3, the main result is bulit in this subsection. 


Theorem 3.4. Let 7 = (tij) be а 4th-order 3-dimensional symmetric tensor with || = tiii = 
tij = 1 for alli, j, K, 1 € {1,2,3}. Then 7 is strictly copositive if and only if 


(1) there is at most one —1 in {t1123, £1223, f1233}3 


(2) two of (11123, t1223, t1233} are only —1 and tjj, = tijk = —tijjj = —1 fori + jand k + jand 
iz К; 


(3) йоз = f1223 = 11233 = —1 and 12 = f1133 = 12233 = 1. 


3.2. Analytical expressions of copositivity 


Theorem 3.5. Let T = (tjjjj) be a 4th-order 3-dimensional symmetric tensor with || = tii; = 
fij; = 1 for alli, j,k, l € {1,2,3}. If t1123 = t1223 = t1233 = 1, then 7 is copositive. 
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Proof. Without loss the generality, let x = (x1, xo, x3)' € R? with Хү + x. + x4 = 1. Then 
Txt E + x + x$ + 6xix + 6x7 x3 + 6x2xi + 12x? хэхэ + 12x1x2x3 + 12хүхэх3 
3 3 3 3 3 3 
+ Зүрх X2 + 4411313 + 47222125 + 471333123 + 4022393 + 412333 Хо ХЗ, 
and so, 
Tx Ex + 35 + Xs + бхїх3 + бхїх3 + бхх3 - 4хїХ2 - 4хїхэ - 4хүх3 - 4хүх3 
- 4x3.x3 - 4хэх3 + 12x? хэхз + 12x1x2x3 + 12хүхэх3 
=(х + X2 — xa) + 8(3х2 хэхэ + Зхүх хэ - xix) - xix3) 
=(х +0 + x3) - 812 + xixj + xixs + xix; + XjX3 + 2x3). 
Let f(x1, X2, X3) = (x1 + x2 — x + 8(3.x7 x23 + Зхүх ха - xix - x123). Solve the constrained 


optimization problem in the non-negative orthant R$ : 


min fea. X2, x3) 


s.t. х + +23 = 1. 


1 1 1 1 
Then the function f (xi, x», хз) reaches the minimum value 0 at a point ЁС ;] Or o. 7” ;] or 


11 
(> 27 o) and hence, 7 x* > ХО, хо, x3) = О for any x > 0. That is, 7 is copositive. 
From the proof of Theorem 3.5, the following conclusion is easily obtained. 


M 


Corollary 3.6. Let 7 = (г) be a 4th-order 3-dimensional symmetric tensor. If for all i, j 
{1,2,3} and i # j, 


tii Z l, taj; Z l tj 2 1, t1123 È 1, t1223 = 1, t1233 2 1 


then 7 is copositive. 


Theorem 3.7. Let T = (fij) be a 4th-order 3-dimensional symmetric tensor with || = tij; 
tij; = 1 for alli, j,k, l € {1,2,3}. Then 7 is copositive if and only if 


(1) there is at least one 1 in {tiji j = 1,2,3,i Ez Ji and li jk = fii jtiiik =-lor Їйл = -tiij = 
= = —lfori + jand k + jand i + k if there is only one —1 in {t1123, t1223, t1233}; 
(2) there is at least two 1 in {tj;;i, j = 1,2, 3, + j} and there is at least one 1 in (fiij, fü; ий = 
—1,i + j,i + k,i + k} if there is only two —1 in {t1123, t1223, t1233}; 
(3) liiij = 1 for all i, j = 1,2,3 with i /1 эз = t1223 = t1233 5-1. 
Proof. Necessity. Suppose T is copositive, but the conditions don’t hold. 
(1) Assume tij = —1 for all i, j = 1,2,3,i + j. Then we might take t1123 = —1, and so for 
x = (3, 1, 1)", 
Тэ? Ex + х + хо + бах: + 6x xs + 6xix: - 4x} x5 - 4x3 x3 - 4хүх3 - 4хүх3 
- 4x3.x3 - 4xjxi - 12x? хэхз + 12хүх ха + 12хүхэх3 
=(х + 0 — x3)* + 8(3xix2x3 - хїХ2 - xix3) 


=(3+1-1)4 + 8(32 – 32 – 3) <0; 
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Assume fij, = tig = fij; = —1. We might take t1113 = f1123 = 11233 = 1, 11223 = 11222 = 12223 = 
t1333 = t1112 = 02333 = —1, then for x = (1,3, 1)", 
T ext + А + x, + 6xix + 6xixi + 6x5.x3 - 4хїХ2 + 4x3 x3 - 4хүх3 - 4хүх3 
- 4x3.x3 - 4хэх3 + 12хїхэХ3 - 12хүх ха + 12хүхэх3 

=(х + 0 — x3) + 8(3х2 хэхэ - xix) - xixj + хүхэ) 

=(1 +3 – 1) + 8(3? -3 -3° +1) <0. 
(2) If there are five —1 in (tij; i, j = 1,2,3, # j}, then for x = (1, 1, 1), 

Tx =x} + 43 + х + 6xix + бэлэг + бх 
3 3 3 3 3 3 
+ 4t1112X1 X2 t 411113123 + 411222125 + 411333123 + 412223523 + 412333 Хо Х3 


+ 1211123X7X2X3 + 12t1223X1X2X3 + 121233X1X2X2 
=21+4-20-24+12=-7<0; 


Assume fiij = lik = fiijk = -1. We might take 11333 = 12333 = t1123 = 10411113 511112 = 
12223 = 11222 = t1233 = t1223 = —1. Then for x = (1,3, 1)", 


Txt =( + X2 + x3)* - 8(3хүхэх2 + 3xix2x t xn + xu + XU; + 33.3) 
=5* — 809 + 27 +3 + 27 + 1 + 27) = -127 <0; 
(3) Assume there is one —1 in {tj;i, j = 1,2,3,i + j}, we might let jjj? = —1. Then for 
x = (4, 3, 2)", 
Tx Ext + x + x + 6xix + 6xix + бхЗх3 - Ax} x. + 4x3 x3 + 4хүх3 + 4хүх3 
+ 4x3.x3 + 4хэх3 - 12хїхэхз - 12хүх ха - 12хүхэх3 
=(x, + X2 + x3) - 80х32 + 3x2xoxs + 3xix2xs + Зхүхэх2) 
=(4 +3 + 2) – 8(4 х3 +3 х42х3х2+3х4х32х2+3х4х3х 22) < 0. 
So, 7 is not copositive, which is a contradiction, and hence, the conditions hold. 
Sufficiency. 7 x^ may be rewritten as follows, 
Txt =(x1 + хо = x3)! + Ai — Dxjxo + 401202 — 1)хүх2 + 4011333 Dio 
+ 4(71113 + I)x}x3 + A(t2223 + 1)x3x3 + A(t2333 + 1)хэх3 


+ 12(11123 + 1)x?x2X3 + 12(t1223 + 1)хүх ха + 12(t1233 = 1)x1 x213; 


Txt =(x1 = xa + х3) + Alti  Dx1xo  4(t1222 + D)xi33 +433 — хүл 
+ A(ti5 — D)xxs + 4(f2223 + 1)x3x3 + (£333 + 1)Xx233 
+ 1201123 + 1)х2хохз + 12(t1253 — 1)хүх Ха: + 12(f1233 + 1)xixox; 
Txt =(x1 = xa — x3)! + Alti + 1) + A(t + D)x133 + A(f1333 + xii 
+ 4(ti113 + хүхэ + 4(f2223 — 1)x3x3 + 4000333 — 1)хэх3 
+ 1201123 = D)x2xax3 + 12(t1223 + 1)хүх ха + 12(t1233 + 1)x1 x234. 
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Clearly, for the boundary points of the non-negative orthant, х = (0,x5,x3), (x1,0, хз), 
(x1, хо, 0), it follows from Lemma 2.2 that 7 x* > 0. Let x, + x + хз = 1 in the sequal. 

(1) Without loss the generality, let t1112 = 1233 = 11223 = 1 and 1113 = £1333 = 12333 = 11222 = 
12223 = t1123 = —1. Then 


Txt = (x1 * X2— x3) + 8(3хух2х3 - хүх3). 
Solve the constrained optimization problem in the non-negative orthant R?: 


min Txt 


s.t. xy X2 X3 = 1. 


1 1 1 1 
Then the polynomial T~ x reaches the minimum value 0 at a point B 0, ;] Or o. 7” ;] , and 


hence, 7 x* > 0 for all x > 0. That is, T` is copositive. 
(2) Without loss the generality, let t1112 = f2223 = t1233 = 1 and {з = f1333 = f2333 = f1222 = 
t1123 = t1223 = —1. Then 


Tx‘ = (x1 +0 - x3)4 + 833 (x3 — X1). 


Let f(xi, Хэ, x3,4) = T. x5 + A(x, + x2 + x3 — 1). Then the stationary points of the function 
f Gi, X2, хз, A) are the solution to this system of equations, 


Р 0,22, X3) = 460 + 0 – хз)? – 8x3 +A=0, 

fi Q0, Хэ, x3) = 460 + Xx? — хз)? + 24x5(x3 = х) +4 = 0, 
РО, X2, x3) = —4(x1 + x? — хз)? + 8x3 +A=0, 

Xp +x +x =l 


Solve it in the non-negative orthant R3, 


1 
Хх = Хз = 7.22 = 0,4 = 0. 


So 7 x* > 0 at ће boundary points, and then 7 x^ > 0 for all x > 0. That is, J is copositive. 
(3) It follows from There 3.3 (1) that J is copositive. This completes the proof. 


Combing the conclusions of Theorems 3.5 and 3.7, the main result is established in this 
subsection. 


Theorem 3.8. Let 7 = (tij) be a 4th-order 3-dimensional symmetric tensor with || = tij; 
tjj = 1 for alli, j,k, € (1,2, 3). Then A is copositive if and only if 


(1) йоз = 112233 = t1233 = l; 


(2) there is only one —1 in {t1123,t1223,f1233} and ty je = ЇшИи = —1 OT tijk = —tüuj = —tük = 
-Ifori + jandk + jandi#k; 

(3) there is only two —1 in (11123, t1223, t1233} and there is at least one 1 in (шу, tiiki tije = —1, i + 
ji+k,i+ ky, 


(4) tuz = t1223 = t1233 = —1 and tij = 1,i, j = 1,2,3, i + j. 
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3.3. Applications to a gerenal tensor 

In this subsection, we apply Theorems 3.4 and 3.8 to find the (strict) copositivity of a gerenal 
4th-order 3-dimensional symmetric tensor, and moreover, these analytic conditions can be very 
easily parsed and verified. 

For a 4th-order 3-dimensional symmetric tensor T = (tij) with its entires 7; > 0 for all 


i e {1,2,3}, let 7” = 077, be a symmetric tensor with its entires й = £555 = 6333 = 1 and 


3 1 1 1 1 3 
fiiio = fifi loons 1112 = 111220 51155555 1222 = 12221 0555: 
23 a Эй» m 21-23 
уз = C1113 11253339 11133: = 111330 (11 53339 133 = 113331 11 5333? 
FOU 3 d СЭ 
Dy = 122231, 222 ааа» (2233 = (2233035515334: L333 = 123331 221 заа» 
1 1 1 1 1 1 1 1 1 


A = О ae ee ee , = "4 £42 4,4 / = Ud. RES As авто 
11123 = £11230) 411525353333 11223 = 11223 1310555513333 1233 = 112331 1116222263333" 


І 1 1 
Бог у = (ут, Уг, уз)" and x = (x1, Хэ, X3)" = ТТР ША then 


4 4 3 2.2 3 4 3 2.2 
Jy -tuny; + Atiuizyjyo + 6tuozyqy5 + 4t1222y1Y5  £2222Y5 + 4t1113Y1Y3 + 6t1133Y1Y3 
3 4 3 2.2 3 

+ 4t1333Y1Y3 + £33333 + 40222393 + біооззу5уз + 412333293 
2 2 3 
+ 1211123у1у2уз + 12t1223y1y5ys + 12t233y1y2y3 
=й + At! охх 6t үуухэх2 FAL уху + X2 + At 03 K3 + 6t aX 2 
=x] 1112%1 %2 1122%1%2 1222125 + X2 11134143 11333145 
, 3 4 , 3 , 2.52 , 3 
+ 40} 333X1X3 + X3 + 4190353 + 69332525 + 415333223 
+ 120 зх хэхз + 1215. oe xo dd + 12/5: x15 
=7 xt 
It is obvious that ће copositivity of symmetric tensor 7 = (1; и) is equivalent to the copositivity 


of J’ = 0772 So, applying Corollaries 3.2 and 3.6 (or Theorems 3.4 (1) and 3.8 (2) to establish 
easily the following conclusions . 


Theorem 3.9. Let T = (і) be a 4th-order 3-dimensional symmetric tensor with tj; > 0 for all 
i € {1,2,3}. Assume one of the following three conditions holds, 


1 1 1 1 1 


1 1 1 1 
42 1 1 1 2: 4 1 1 2 . 
(a) tiiz3 > 1р 055513355. f1223 2 thy 440555513335: 1233 2 Түүү172222133337 


1 1 1 1 1 1 1 1 1 
2 4 4 214 2 4 4 4 2 2 

(b) t1123 2 ti111f2222%3333> 11223 2 711 44055513333: 11233 2 fii 455513333; 
d pem io do vx ЇГ ro to 

2 4 4 4 2 4 44 4 2 

(c) 23 2 Tris 52222153333: 11223 2 11,4 41055513333: 11233 2 f 14055513333 


Then (1) 7 is strictly copositive if for all i, j є (1,2, 3) and i + j, 


3 1 
444 . 
üjj Z —Tüitjjj uj 2 ty; 


(2) 7 is copositive if for all i, j € (1, 2, 3) and i + j, 
31 
tjj 2 uil; luj2 tiat ур 


t ioi 
and there is at least one t; Є (гу, ий tijk Z —t; HATTE + j,i К, К + j} such that 


t 


ий 
3 1 


3 44 
brrrs 2 trrrrtssss- 
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From Theorems 3.4 (3) or 3.8 (4), the following conclusions are established easily. 


Theorem 3.10. Let 7 = (г) be а 4th-order 3-dimensional symmetric tensor with ti; > 0 for 
all i € {1,2,3}. Assume that 


1 1 1 1 1 1 1 1 1 
21262 4 4 214 2 4 224 4 2 
ї1123-2-41(үү1/2222 заа» 1223 2 —11 4441055513333: 11233 2 — {уру ѓзоо21зз33: 


Then 7 is strictly copositive if for all i, j € {1,2,3} and i # j, 


31 
lijj 2 уау bing = li 
From Theorems 3.4 (2) and 3.8 (3), the following conclusions are established easily. 


Theorem 3.11. Let T = (г) be а 4th-order 3-dimensional symmetric tensor with ti; > 0 for 
all i € {1,2,3}. Assume that one of the following three conditions holds, 


1 1 1 1 1 1 1 1 1 

2-2 4 4 24 2 4 4 4 2 р 

(a) (1123: 2 -4111/2222/ заа» 1223 2 -1үү112222 за: 11233 2 Їїүү152222/ 3337 
io si 101 1 тг 

2 4 4 44 2 4 44 4 2 « 

(b) t1123 > ТГүү1/2222/ ааа» 1223 2 7-1үү112222/ 333: 11233 2 7-1үүү172222133337 


1 1 1 1 1 ii 1 1 1 
42. 4 4 4 2: 4 224 4 2 
(С) (1123 2 -4111/5222/ заа» 11223 2: f] 055513335. 11233 2 7-1ү1112222/ 3333: 


Then (1) 7 is strictly copositive if for all i, j є {1,2,3} and i # j, 


3 1 
tüij 2 Түц цуур 


and 
1 1 1 


1 1 1 
m CERES eie 1277 PED 
tjjj 2 Wii! jjj and fj Z 1,15, ад and fij Z 1 зас 


(2) 7 is copositive if for all i, j € (1,2, 3) and i + j, 


v 


133 Z Ntüiljjjj 


1 1 


Pe dh ad 
and there is at least one tsssr € (fiij, tiik, tiijk Z Hisl iilo d + j,i + k,k + j} such that 


3 1 


4 4 
tsssr Z Usssstrrrr- 


3.4. Ternary quartic inequalities 


In this subsection, we apply Theorems 3.4 and 3.8 to show several ternary quartic (strict) 
inequalities. Applying Theorems 3.4 to establish easily the following strict inequalities . 


Theorem 3.12. Jf (x1, х2, x3) + (0,0,0) and x; 2 0, i = 1,2,3, then 


(i) x + x$ + x$ + 0305 + 6x x2 + 6x2x2 + 4x3 x3 + 4xix; + 4хүх3 + 4x3X3 + 4хох3 + 4x} xp > 
12х2хэхз + 12x1x2x3 + 12x) x2x3, or equivalently, 


(xy +X. + x3)4 > 2Axixoxa(x1 + X2 + x3); 
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(ii) x$ + x$ + 2 + 4x} x3 + 4x x3 + 4x x3 + 4x3x3 t 4хэх3 + Ax} x2 + 12хүх ха + 12хүхэх3 » 
бхїх2 + бх + 6x2x2 t 122x533, or equivalently, 


(x1 +X. + x3)! > 1262222 + ЖАГ + ax + 2x2 әхз); 


(iit) x$ + x$ + yi + 4x} x3 + 4xix; + 4x 1x3 + 4x3x3 + 4хэх3 + Ax} x2 + 12x132x3 + 12x? x2x3 > 
бхїх3 + бх + 6x2x2 + 12хүхэх3, or equivalently, 


(x1 +X. + x3) > 12643, + 3p. + 325 + 2x1x2X3); 


(iv) AT + 35 + 25 + 4x3 x3 + 4xix3 + Ax 1x3 + 433X3 + 4хох3 + 4x} хэ + 1222x533 T 12хүхэх2 » 
Oxi Ke + бхїх3 + 6x2) + 12x1x233, or equivalently, 


(x) +X. + x3) > 120х222 + Xo + 1222 + 2x1X2x3); 


(v) T + ын + x + xx. + 4x} x3 + 4x 1x3 + 4хүх3 + 4x3x3 + 4х2) + 4x1xa + 12x1x2x3 > 
бхїх: + 6x2x. + 12хїхэ Хэ + 12хүхэх3, or equivalently, 


(x1 — X2 + x3) > 12(x7x3 + 35x) 


(vi) 3T + x5 + х + 63243 + 4x} x3 + 4хүх3 + 4хүх3 + 4x3X3 + 4xixi + 4x} x2 + 12x2x2x3 > 
бхїх3 + xix) + 12хүх хэ + 12хүхэх3, or equivalently, 


(x2 — x1 + x3) > Gi + 39x 


(vii) xi + x + x + бх2х2 + 4x3 x3 + 4x 1x3 + 4xix + 4x3x3 + 4xixi + 4x} x2 + 12хүхэх3 » 
бхїх: + 6x2xi + 12x1.x5.x3 + 1232x533, or equivalently, 


(x1 * x5 — хз)“ > 122x2 t X232). 
It follows from Theorems 3.8 that the following inequalities are obtained easily. 


Theorem 3.13. Let хі, x», хз be three nonnegative real numbers. Then 


(a) x] + xs + 22 + бхїх3 + Oxi x. + бїхзэд + 12x2xx3 + 12хүхэх3 + 12x1x2x3 > 4x} x3 + 4xix3 + 
4x3x3 + 4хох3 + 4x? x2 + 4хүх3, or equivalently, 


4 3 3, 3 Bet. 38 3 
(x1 + х + x3) 2 8(xqxs + Хүхэ + 9х3 + X2X3 + Хро + Xp XR) 
with equality if and only if two of x, x», хз are equal and the third is 0. 


XE +X XTX XIX X5X X7 X2X3 X1 X2X хрх? > 4X? x3 + Axix 
b) xf t 3$ + x4 бхїх2 + 6x2x2 + 6x2x2 + 1222 +12 3-44хүх) 2 4x}x3 + xix; 
4x3x3 + 4x x3 + Ax} x. + 12x1x5X3, or equivalently, 


(xi +0 = хз)“ > 8х2 хо(х1 — 3x3) 
with equality if and only if x; = 0, хз = x2 or x? = 0, x1 = 23. 
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(c) M + 33 + х + бхїх2 + бийг + 6x2x2 + 12x) x3x3 + 12хүхэх3 + 4x} x3 > 4xix; t 4x 1x3 + 
4x3x3 + Axx} + 4хүХэ + 1232x533, or equivalently, 


(x1 — X2 + хз)“ > 8хух2(23 — 3x5) 
with equality if and only if x; = x2, xs = 0 or x; 20, о = x3. 


(d) x + 26 + x t Ө + 6x7x; t 6x2x2 + 12x132x3 t 1232x5x3 + Axx} > 4x3 x3 + Ax) x3 + 
4x3x3 + 4хох3 + Axi x2 + 12хүхэх3, or equivalently, 


(X2 + X4 — x) > 823 (х2 — 3x1) 
with equality if and only if x) = x2, x3 = 0 or x2 = 0, x1 = 23. 


Proof. It follows from Theorems 3.8 (1) and (2) that the inequalities hold easily. Now we 
show the equality of (a), and the arguments of (b), (c) and (d) are the same. 


ХРО, X2, x3) =, + ut + ын + 6xix t 6xixi + 03235 - 4x} x5 - 4x3 x3 - 4xix3 - 4хүх3 
- 4x3.x3 - Axx} + 1222 әхз + 12хүх ха + 12343535 


-(xi + X2 + хз)“ - 8(x1xs + xix + хїхз + xs + xix) + xix). 


From the arguments of Theorems 3.5, it follows that the zero of function f(x, х2, хз) must be on 
the boundary of the non-negative orthant (that is, three coordinate planes), and so, f(x1, xo, x3) = 
О if and only if x; = x2, хз = O or xı 20, x2 = x3 or xj = xa, x2 = O. 


Similarly, from the arguments of Theorems 3.7 (2), we have the following conclusion also. 
Theorem 3.14. Let хі, x», хз be three nonnegative real numbers. Then 


(e) X + Xe + x4 + 6x xZ + Oia x? + oxox -4хїхэ 44хїхэ + 1213232 > 4xix; +4x1x3 +4х2х3 + 
4xixs + 12х2хэхз + 12x13533, or equivalently, 


(xi * x5 — x3) > 80133 - 33x3), 
with equality if and only if x; = 0 and x; = x3; 


(f) x$ + x$ + x$ + DNA + буга + 6X5X2 +4x1x3 +423.x3 + 12a2x5x3 > Ax} x2 t4xixi +4x1x3 + 
4xixs + 12хүхэх3 + 12x1x2x3, or equivalently, 


(x3 + X2 — x) > 8(xox - X055), 
with equality if and only if x; = 0 and x; = x3; 


(g) AT + x4 + a5 + бхїх3 + бхїх3 + xix. +4x2x3 +4x3x3 + 12x1x2x3 > 4xix; +4x1x3 + 4x3 x9 + 
4x3x3 + 12x2x2x3 t 12хүхэх3, or equivalently, 


(x1 + x3 = хо) > 8(х(53 = хэхэ), 
with equality if and only if x3 = 0 and xı = x2. 
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4. Conclusions 


For a 4th-order 3-dimensional symmetric tensor with its entries 1 or —1, the analytic neces- 
sary and sufficient conditions are established for strict copositivity and copositivity, respectively. 
These conditions can be applied to verify (strict) copositivity of a general 4th order 3-dimensional 
symmetric tensor. Several (strict) inequalities of ternary quartic homogeneous polynomial are 
built by means of these analytic conditions. 
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